Very few of the ordinary second-order linear homogeneous (OSLH) differential equations are known to possess analytic, closed-form solutions and there is no general theory to predict whether such solutions exist in each particular case. In this work, we present a powerful new method for the discovery of closed-form solutions in the entire class of the OSLH differential equations. A sufficient condition for the existence of such solutions is that the equations can be transformed to forms with constant coefficients and we show that two predictors exist, a nonlinear first-order Bernoulli equation with index n = 3/2 and a nonlinear second-order equation. There is no need to solve these equations, only to verify them based on the contents of a given OSLH equation. Because the predictors can be verified quite easily in all cases, we believe that this methodology is an important new diagnostic tool for studying all the equations of mathematical physics that belong to the OSLH class.
Introduction
The ordinary second-order linear homogeneous (OSLH) differential equations encountered in physics and applied mathematics problems have the general form [-]
where primes denote derivatives with respect to the independent variable x and b(x) and c(x) are generally functions of x. Although some analytic solutions are known in closed form for a few specific equations, no general analytic method of solution currently exists. In [], we found closed-form solutions for the Cauchy-Euler, Riemann-Weber, Chebyshev, and CDOS equations. In these equations, we have identified a common trend that allows us to investigate all OSLH equations analytically: in all four cases, a transformation of the independent variable x → t is used in equation () that results in a coefficient of the y(t) term that equals unity, viz.
where dots represent derivatives with respect to t. Then the new differential equation either shows a constant coefficient b as well, or another transformation to its canonical form produces a constant coefficient. In either one of these cases, the resulting equation can easily be solved analytically. This method stands in contrast to the general transformation to the canonical form: it transfers the dependence on the variable x to the coefficient ofẏ, precisely the term that the canonical transformation strives to eliminate. In this work, we apply the same methodology to the general form () and we obtain a powerful new diagnostic tool (a 'predictor') that detects whether analytic solutions exist for any choice of the coefficients b(x) and c(x). In the case of constant b ≡ B in equation (), the predictor is a first-order nonlinear Bernoulli equation [, ] with index n = /, viz.
which b(x) and c(x) must satisfy. In the case of the transformation of equation () to its canonical form, the predictor is a complicated second-order equation that we write as a system of two first-order equations.
We derive the predictor equations in Section , and we apply the method to some wellknown equations of applied mathematics in Section . Finally, we summarize and discuss our results in Section .
Discovery of closed-form solutions
Consider the general form () of all OSLH differential equations. The change of independent variable t = √ c(x) dx recasts this equation to the form given in equation (), where in particular
where c = dc/dx. In the specific cases that we investigate below, we are interested in the ex On the other hand, when b is not a constant, the predictor does not detect closed-form solutions and then the predictor of Case  below must be applied.
Case 2: the canonical form of equation (2)
If b(x) is not a constant, we may still try to recast equation () to its canonical form []
where
recast in terms of x, takes the convenient form
In the cases where the first predictor (equation ()) fails, then equations () and () describe the second predictor, a system of two first-order equations. Eliminating b between these two equations, we find a complicated second-order differential equation that must be satisfied by b(x) and c(x), viz.
where = d/dx. Because of the complexity in this equation, it seems to be more convenient using the two first-order equations for verification tests. We have, however, found two families of solutions of equation () using a new technique that we describe in Appendix . The second predictor takes an analytically tractable form in the cases where the original equation () is already in canonical form (b = ) and for b(x) = /(x + C), where C is an arbitrary constant. Then equation () for c(x) reduces to the compact form
When this predictor succeeds, it also determines the value of the constant Q selfconsistently. Equation () is especially useful in verification tests of many equations of interest that are in canonical form. Some notable examples are described in Section  below. As was described above, for a given OSLH differential equation in canonical form, it is sufficient to test whether its coefficient c(x) satisfies equation (). Nevertheless, we may ask whether this equation can be solved analytically, in which case we can obtain the general form of c(x) for which closed-form solutions are guaranteed to exist. The answer, perhaps surprisingly, is yes. We defer the general study of equation () to Appendix . 
Chebyshev equation
The 
that is  -N  =  for N = ±/ leading to a constant q = - value.
Equations transformed to the Bessel type
These equations have the form
and they were studied in [] . In this case, b(x) =  and c(x) = x P . Substituting c(x) into the predictor (), we find that 
CDOS equation
Summary and discussion
We have discovered two predictors (expressed by the differential equation () and by the combination of equations () and ()) for analytic studies of all OSLH differential equations (Section ). The latter predictor is also described by equation () and it is considerably simplified (see equation ()) if the given OSLH equation is in canonical form. The first predictor is applied to the general form (), whereas the second predictor is applied to the canonical form () after the first predictor has returned negative results (or to the general form () with b =  or b = /(x + C), where C is a constant). When either predictor is satisfied, the result is positive and the given OSLH equation is guaranteed to admit a transformation to a form with constant coefficients that can easily be solved in closed form.
In Section , we have analyzed some differential equations of wide interest in applied mathematics [-] and we confirmed that they possess analytic, closed-form solutions. We believe that this new diagnostic tool will prove very useful in future studies of many more OSLH differential equations of interest to theoretical physicists and applied mathematicians.
We note, however, that this method of analysis cannot detect the existence of one analytic particular solution in the cases where the other linearly independent solution cannot be written also in closed form. An example kindly provided by the reviewers is the set of equations y ± xy ∓ y = , which possess the particular solution y = x and another particular solution that cannot be written in closed form (it contains the error function erf( √ x  /)). In this case, both predictors determine (correctly) that the general solutions of these equations do not have closed forms, but they do not detect the solution y = x.
Furthermore, the transformation () is not appropriate and does not work for equations whose canonical form happens to have a constant coefficient. An example is the equation y + xy + x  y =  whose canonical form is u -u =  with y(x) = u(x) exp(-x  /), and that can be solved easily. For this reason, the transformation of the general equation () to its canonical form should always be attempted before the above methodology is applied.
Appendix 1: Solutions of equation (3)
Equation ( 
where B is constant. Its integrating factor is
and it leads to the general solution of equation () of the form
where C is the integration constant and
Given a form for b(x), these equations determine all forms of c(x) for which closed-form solutions of equation () are guaranteed to exist. In the special case of b(x) = D/x (where D is a constant) that is of wide interest and applicability, we find the following forms of c(x):
and 
where C is the integration constant and E i is the exponential integral defined by []
() for c(x), the resulting undamped OSLH differential equation
is a generalization of the special equation () with P = -, which was studied in Section .. All equations of the form () admit analytic solutions in closed form.
Appendix 3: Solutions of equation (10)
which has the general solution We conclude that all OSLH differential equations () in canonical form (b = ) with coefficients c(x) of the forms described by equations (), (), and () can be solved in closed form. Since all OSLH equations can be transformed to the canonical form, the results of this appendix can be used to study all such equations of interest.
